§1.

We study the problem of asymptotic stability, as time tends to infinity, of
solutions of dissipative wave systems, governed by time dependent nonlinear
damping forces and subject to the action of strongly nonlinear potential energies.

considered when the potential energy arises from a restoring force. Here both
restoring and amplifying effects are allowed, so that global asymptotic stability
is generally no longer to be expected, and an expanded treatment is required.

ISRAEL JOURNAL OF MATHEMATICS 104 (1998), 29-50

LOCAL ASYMPTOTIC STABILITY FOR
DISSIPATIVE WAVE SYSTEMS

BY

PaTrizia Pucct

Dipartimento di Matematica, Universita di Perugia
Via Vanvitelli 1, 06123 Perugia, Italy
e-mail: pucci@ipgaiz.ipguniv.it

AND

JAMES SERRIN

Department of Mathematics, University of Minnesota
Minneapolis, MN 55455, USA
e-mail: serrin@math.umn.edu

ABSTRACT

We study the question of asymptotic stability, as time tends to infinity,
of solutions of dissipative wave systems, governed by time-dependent non-
linear damping forces and by strongly nonlinear potential energies. This
problem had been considered earlier for potential energies which arise from
restoring forces, whereas here we allow as well for the effect of amplifying
forces. Global asymptotic stability can then no longer be expected, and
should be replaced by local stability. The conclusions are related to and
supplement earlier work of Payne and Sattinger [7}, who treated the nondis-
sipative case, and of Hale [1], who showed the existence of connected global
attractors.

Introduction

In earlier papers [2, 4-9] the question of global asymptotic stability was
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More precisely we consider vectorial solutions v = u(t,z), u: I x @ — RV,
with N > 1, of the problem

ug — Au+ Q(t, z,ur) + f(z,u) =0, (t,z) € I x Q,
(1.1) u(t,z) =0, (t,z) € I x 09,

u(0,-) € Hy, ut(0,-) € L,
where I = [0, 00) and  is a bounded open subset of R*, n > 1,
]N

H = [HYQ]Y,  Lr=[rP@]Y, p>1,

and we assume
QeCIxAxRY -5 RY), feC@xRY - RY).
The function @ represents a nonlinear damping, so that
(1.2) (Q(t,z,v),v) >0 for all arguments ¢,z, v,

where (-,-) denotes the inner product in RV . Concerning the forcing term f, we
suppose there is a real valued potential F' such that

OF
(1.3) flx,u) = —(x,u), F(z,0) = 0;
Ou
of course (1.3); is automatic when N = 1.
Solutions of (1.1) are required to be in the set

K=C( - H)ncCc'I — LY.

a precise definition of solution, in an appropriate distribution sense, will be post-
poned to Section 2.

It is convenient, however, to anticipate here the structural assumptions on
Q@ and f which we require for our main results. For simplicity in stating the
hypotheses, we first consider dimensions n > 2, and refer to Section 2 for the
special case n = 1. Let r denote the Sobolev exponent for the space Hg, namely

2n
n—

r = when n > 3,

and r any real number satisfying r > 2 when n = 2.
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(A1) There are functions ¢ = o(t), w = w(7) such that
(1.4) (Q(t,z,v),v) > o(t)w(|v|) for all arguments ¢,z,v,

where w € C(R{ — RY) is increasing, w(0) = 0 and w(r) = 72 for 7 > 1, while
o> 0and 1/o € L¥*(I) for some exponent v > 1.

loc
Moreover, there are exponents m, ¢ satisfying

2<{m<qg<r
such that for all arguments ¢, z, v,
(15) Q(t,z,v)| < di(t, )™ (Q(t,z,0),0) ™ + da(t, )1 (Q(t, ,v),0) 7,
where m’ and ¢’ are the Hélder conjugates of m and ¢ and
B { 2t r/r—q)> ifg<r,

”d2(t1')“ooa ifg=r.

Note: When N = 1, or more generally if the function @ is tame, i.e., there is

61(t) = llda (&, )l rj(r=m)s

a constant v > 1 such that
1Q(t, z,v)] - |[v] < v(Q(t, z,v),v) for all arguments ¢, z, v,
then {1.5) can be written equivalently in the form
|Q(t, z,v)| < Const. {d1(t,z)[v|™ ! + da(t, z)|v]7T"*},

see Remark 1 in Section 5. This last condition shows more clearly the réle of d;
and dy in giving an upper bound for |Q(¢, z, v)|.

(A2) There is a constant C > 0 and an exponent p, 1 < p < r, such that
[f(z,u)] < C(1+[ulP™) in Q xRV,
(A3) There is an auxiliary function k € C1(I - RY), k # 0, such that

(16) tim S0 ONds_

t—o0 f(f k(s)ds

17)  limi f(fot 61kmds)l/m+ (% ‘52kqu)1/q+ (s 01“”k"ds)l/u
U [ kds

< 0.
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Condition (A3) has the purpose of preventing the non-autonomous terms 6y,
82 in the damping estimates from being too large, and the term o from being too
small, since otherwise one cannot in general obtain asymptotic stability for the
system (1.1). Some cases of allowable functions o, 41, &, are given in Section 5.

Note: The condition k € C'(I - RY) in (A3) can be weakened to k € AC(I —
R ), that is k € Wl’l(I — RY), as follows from an easy approximation argument

loc

(see also the Appendix of [10]).

Let pg be the first eigenvalue of —A in €2, with zero Dirichlet boundary condi-
tions, and put

I-llp=1-Mees >3 -l =1"l2
Then under the structural conditions (A1)-(A3) we have

THEOREM 1: Suppose there is a number u < piy such that
(1.8) (f(z,u),u) > —plul*  nQxRY.

Then for every strong solution u € K of (1.1), in the sense defined in Section 2,
we have

(1.9) Jim {{ue(t, )| + 1 Du(t, )} =0.

That is, the rest state (0,0) is a globally attracting set in H} x L? for (1.1).

The proof will be given in Section 3. Theorem 1 is related to a well-known
stability result of Hale, contained in Theorem 4.8.11 of {1]. Problem (1.1) was
treated there in the scalar case N = 1 and for dimensions n > 3 (though explicitly
described only for n = 3). Moreover, the damping term @ was required to be
autonomous, that is @ = @Q(v), as well as the force f independent of z, or
f = f(w). In addition, it was assumed that

(110  QeCIR-R), Q@0)=0, 0<a<Q@)<p

for all v € R, while

(1.11) fEC'R=R),  f(0O)=0, |f(w)<C+[uf)
for every u € R, with p < 1+ r/2. Under the further main restriction

(1.12) lirninff——(u2 >0

lu|2o0 U
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the existence of a connected global attractor A C H} x L? was obtained for
(1.1).

To compare this result with Theorem 1, we first note that (Al) holds for
(1.10) with o(t) = o, w(r) = 7%, v = 2, di(t,z) = f?/a and d(t,z) = 0; also
assumption {A2) is obviously satisfied since p < 1+ r/2 < r. Finally (A3) is
automatic with k(t) = 1, since dj, d2, and o are constants. Thus, with the
exception of (1.8), the conditions in [1] are special cases of those here.

On the other hand, neither (1.8) nor (1.12) implies the other, since (1.12) is a
stronger condition for |u| large, while (1.8} is stronger otherwise:

Our second theorem is related to Hale’s result in a different way, with (1.8)
required only for sufficiently small u.

THEOREM 2: Suppose

(@)
(1.13) hin_)l(r)lf——W—— > -0,

where T < po. If u is a strong solution of (1.1) with sufficiently small initial data
[|Dw(0, )|, |luwt(0, )|, then (1.9) continues to hold.

In particular the rest state (0,0) is a locally attracting set in H} x L* for the
system (1.1).

When (1.1) is non-dissipative (@ = 0), a related conclusion was obtained by
Payne and Sattinger [7, pages 294-295], though the fact that Q vanishes in their
work precludes strict asymptotic stability.

Finally, it can be expected that Hale’s theorem holds even when (1.12) is
replaced by

(1.12) lim inf £ > ~T,

luj—moo  w

with & < pg as above. In this case conditions {1.12)" and (1.13} exhibit a striking
duality, and the corresponding conclusions an interesting dichotomy.

Theorem 2 will be proved in Section 4. Some examples and applications of our
results are given in Section 5.

§2. Definition of solution

Consider the total energy E¢ of a vector field ¢ € K, that is

(2.1) E¢ = E¢(t) = Hoe(t, )I* + 31 Da(t, )* + Fo(t),
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where F¢ is the potential energy of the field, namely
Fo) = [ Fleott2)ds
Q
It is easy to see that F¢ is well-defined in I. Indeed, by (A2),

1
(2.2) |F(z,u)| = /0 (f(m,su),u)ds

1
SCQm+;Mﬂ, 2<p<r,

in QxRN . Hence, by Sobolev’s embedding theorem, we have F(-, ¢(t,-)) € L}(Q)
for all € K and t € I, and in particular

(2.3) [F¢(t)| < Const. (| Dg(t, )| +|IDe(t, )IIF), tel

It is convenient to introduce the elementary bracket pairing (-,) in @ C R®

<§0,/¢)> = (W(ta‘)»d’(t,')) = L(w(t,x},w(t,x))dx,

where ¢,9: I x  — RV, this being a well-defined real function of time for all
t € I such that (p,v) € L.
For every ¢ € K, we put

D¢(t) = L(Q(ta$)¢t(t7 .'L‘)), ¢t(tax))d$ = <Q(t1 ] ¢t)a ¢t>,

this being a well-defined non-negative function on I, with possibly infinite values.
In fact, since (Q(t, z,v), v) > 0 by (1.2), and since Q is continuous in its variables,
the integrand is, for each fixed ¢, a non-negative measurable function of z, as
required.

Definition: We say that u € K is a strong solution of the system (1.1) if
(a) Du e L} (I);

(b) Eu(t) + fot Du(s)ds is a non-increasing function in I;

(C) <ut’¢)]:) = fot{<ut’¢t> - <DU,D¢> - <Q(sa"ut)7¢) - <f(1u)1¢>}ds
foralltel and ¢ € K.

The function Du represents the rate of dissipation of energy of any solution u
of (1.1), so that (a) expresses the natural requirement that the total dissipation
over any finite time interval should be finite. Condition (b) is a generalization of
the usual conservation law for the system (1.1), for which the function in (b) is
constant, i.e. the initial value of the energy.
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We emphasize that energy conservation, or more generally some appropriately
formulated but weaker version of this law, such as condition (b), is an essential
attribute of any reasonable solution. In fact, standard existence theorems (see
for example [1], [2], [6], as well as the recent work [12] in which the case N > 1 is
considered) all yield solutions satisfying both strict conservation of energy as well
as condition (c). At the same time, since in that work stronger conditions than
(1.4), (1.5) were necessary for the existence proofs, it seems important to allow
in (b) as great a weakening of energy conservation as possible, while at the same
time still retaining its main attributes. See also the comments in [8, Section 2
and Remark 4 in Section 4]. The distribution identity (c) is of course the natural
setting for solutions of (1.1), in that classical solutions of this problem need not
generally exist.

Tt is important to note that (a) and (b) imply that Eu is non-increasing in I,
since fot Du(s)ds is non-decreasing in I because Du is non-negative.

From the definition of K it is clear that the identity (c) is meaningful provided
that

(2‘4) <f(a u(tv ))a ¢(ta ))7 <Q(t1 % ut(t’ ))a ¢(t’ )> € Llloc(I)'

By (A2) and Hélder’s inequality we immediately get

[(fCoul, ), o, N < CLIBE M + lult, B - o, llp)-
On the other hand, by Sobolev’s embedding theorem (since € is bounded)
u, € C(I - LP), 1<p<r,
so that (f(-,u), ¢(t,)) € L2 (I) and (2.4); holds.
To obtain (2.4), we observe by (1.5) that, for ¢ <,
1QCt, - ult, Nl < N (8,9 ™ Q) ) ™ I
+ llda(t, /2 (QUt, - e ue) T
< Nea (8, Wy (@t ) ) 1™
- llda(t, I (@ we), we) 37
= 81(1) /™ Du(t)™ + 5,(t) /I Du(t)/¥

by Hélder’s inequality and the definition of Du. When ¢ = r we get in essentially
the same way

1QE, - et Dl < 61()/™Du()/™ + 82()"/Du(t) /"
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In turn, again by Hélder’s inequality, foreacht € I and for 2 <m < g <r

/0 (Q(s, - ue), Blds < / 1Q(5, (s, Dl - 1605, )llnds

(2.5) < max (s, )ll- {(/ d1(s)d )l/m (/ Du(s ds>l/m,
o([faoa)” ([ ur) ] <0

since 81, &2 € L}, (I) by (A1) and Du € Lj (I) by (a). Consequently (2.4); is
proved, and condition {c) is meaningful.
To give a particular example of a function Q satisfying (A1), one may take

Qt, z,v) = dy(t, ) u[™ 2v + da(t, 2) 0|7 2w,  dy, dy € C(I x Q — RY),
with m, ¢, d; and dz as in {A1). Obviously
(Q(t,z,v),v) = du(t,2)|v|™ + da(t, ) v,
so that

1Q(t, z,v)| < di(t,2)|™ ! + da(t, z) o]0}
= dy(t,2)" ™ (da (&, )™ o)™ 1) + da(t, 2) V9 (da(t, )4 |w|77Y)
S dl(t’ m)l/m(Q(t’xvv))v)l/m, + d2(t,1’)1/q(Q(t7$,’U),U) 1/‘1”

and (1.5) holds. Similarly (1.4) is valid with w(r) = 72 for 7 € 0,1}, w(r) = 72
for7 > 1, and

o(t) = inf{dl(t, z) + da(t, 2)}.
Naturally one now requires 1/o € L¥._(I). In particular the zero set of o can be
at most of measure zero.

We conclude this first part with the following easy fact:

Let k € CY(I) be a non-negative, non-trivial function satisfying (1.6). Then
k¢ LY(I).

Indeed, suppose the contrary. Then (1.6) obviously gives fo |K'(s)|ds = 0,
and so k¥ = 0 in I. Hence k =Const., and in turn k = 0 since k € L*(I) by
the assumption of contradiction. But k is non-trivial by hypothesis and this
completes the proof.
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THE CASE n = 1. Here the hypothesis {(A2) can be weakened to the form

(A2)f [f(z,w)] < g(u), g€ CRY = RY),

for all (z,u) € Q x RV,
For all u, ¢ € K and t € I then F¢ is well-defined and locally bounded on I
for all ¢ € K, while also

[(FCrult, ), o(t, D] < ealld(ts )l oo

where

a =ci(t) =19 sup g(w),
we€ B(t)

and B(t) = {w € RY: |w| < ||u(t,)||L=}-
Indeed, because n = 1 and ¢(t,-) € H} for all t € I, we get

6, = < VIQU/2 ID(E, )]l € C(T),

with a similar estimate for |Ju(t,-)|lze. Thus, |{f(,u(t,-)), () € LL (1)
since ¢; is locally bounded on I.

Remark: Condition (A2)’ is automatic if f € C(2 x RY — RN), or if f does
not depend on z.

For (A1) we now define 6, (t) = ||d1(¢, -)||1 and 62(¢) = ||da (¢, )||1, but otherwise
no changes are necessary.

§3. Proof of Theorem 1

We apply the principal ideas of [8], with various modifications due to the fact
that the forcing term f is no longer assumed to be of restoring type; that is
we now allow (f(z,u),u) to take negative values. In addition, condition (A1)
is stated more generally than the corresponding hypotheses of Section 3 of [g],
which requires still further modifications in the discussion.

The proof is given in a series of lemmas. We assume throughout that the
conditions (A1)-(A2) are satisfied, and that u € K is a given strong solution of
(1.1) in I, in the sense of Section 2.

LEMMA 3.1: Let (1.8) hold. Then

(3.1) Bu(t) > Fllu(t, )II* + 3 (1 - %) [Du(t, )| in1.
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Moreover,

(32) fue®, M, W Dult, M, Nut, - € L),
and

(3.3) Du € L*(I).

Proof: By (1.8) we have F(z,u) > —3uluf?, so that Fu(t) > —1plu(t, )|
Hence (3.1) follows from (2.1) and the Poincaré inequality. Conditions (3.2) are
then immediate from the fact that Eu is non-increasing in I, so Eu(t) < Eu(0).

Finally, (3.3) is a consequence of (b); indeed Fu > 0 in I by (3.1), and Du > 0
in I, giving

0< /'Du(s)ds < Eu(0).
1

LEMMA 3.2: Let k € L® (I) and k > 0. Then, forany T € I andt > T, we have

(3.4) /Tt EHQ(s, -, ur), u)lds < e(T) [(/Ot 61kmds) + (/Ot 52kqu> 1/‘1] ,

where e(T) — 0 as T — oo.

1/m

Proof: Exactly as in (2.5)

[ty ot ([ owra)” (f 2w
+ (/Tt 52kqu)1/‘1 </Tt D’U,(S)ds)l/q,jl.

From (3.2)3 there is a number By > 0 such that ||u(s,-}||» < By for all s € I.
Thus (3.4) holds with

e(T) = By [( /T ” Du(s)ds) v + ( /T ” Du(s)ds) 1/1 ,

and e(T) — 0 as T — oo by (3.3).

LEMMA 3.3: Suppose k € L (I} and k > 0. Let ¥ be a given positive constant.

loc

Then there exists C(9) > 0 such that for allt >T >0

(3.5) /T g, )[2ds < 9 /T “kds + £(TYC(9) ( /T tal’”k”ds) v ,
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where e(T) — 0 as T — oo, and v > 1 is the exponent in (Al).

Proof: The proof is essentially the same as for Lemma 3.3 in [8]. For the sake

of completeness we reproduce the details.
For fixed s € I, define

Ql = 91(3) = {$ e |ut(’5ﬂ$)l S m}’
Q2 = Qa(s) = {z € Q: |uels, z)| > /9/1Q]}.

Clearly

(3.6) i lus(s, z)|%dz < 9.

For z € Q; we write

(3.7) . Jug (s, 2)|2dx = Lz % - w(lus (s, )|)dz,
where w is the function appearing in (A1). Now

(3.8) sup —7:—2— = _max i = A(9),

TZ\/ﬂ—/I_QT w(T) \/WSTSl UJ(’T)

since w is continuous and positive for 7 >. 0, and w(r) = 7% for 7 > 1. From
(3.7), (3.8) and (1.4) we obtain

Usmzl' A(ﬁ)
QQI t(7 )ld SO’(S)

/Q(Q(s,:L',ut(s,x)),ut(s,x))dw = U———’Du(s).

In turn, since |jus(s, )|} < Const. in I by (3.2), we have

/v
k |ug (s, z)|*dz < Const. k (/ |ut(s,x)|2dm>
Q2

22
< Const. [A(ﬁ)]l/”l (VY)Y Du(s)Y
where v > 1 is the exponent in (A1). Thus (3.6) yields
kllus(s,)|? < 9%k + Const. [A(9)]Y/* (o177 k) /Y Du(s)/".
The required result now follows by integration from 7" to ¢ and another use of

Hélder’s inequality; in particular, we can take C(#) = [A(8)]/*, and

o0 1/1/’
e(T) = Const. (/ Du(s)ds) -0 as T — o0
T
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by (3.3).
Since Ewu is non-increasing and non-negative, there exists £ > 0 such that

(3.9) lim Eu(t) = £.

t—o0

LEMMA 3.4: Suppose £ > 0 in (3.9). Then there exists a = «(¢) > 0 such that

(3.10) l[uelt, N* + [ Dult, )+ (f( ) ult,)) 2 onl.

Proof: The proof is similar to that of Lemma 3.4 of [8]. Divide I into the two
sets

L={tel: Fult) <0/2}, ILi=I~I ={teJ: Fult)>/2}.

Fort € Il
et W2 + | Dut, P 2 2(€ = Fu(t)] > £

Consequently by (1.8)

e (8, M + [1Dult, ) + {F (o w),ult, )
> Jlue(t, Y* + |1 Dut, ) — pfudt, I

(3.11) > s 1P+ (1L ) 1Date [
Ho
> (1 - ﬁ) e
Ho
On the other hand, by (2.2) we see that in I
3£ < Fu(t) < C(llult, My + 3 llult, )]ED)-
Since Hy C L? for 1 < p <r, one has
(3.12) u(t, ), < By [ Dult, )|,

where B, is the Sobolev constant for the embedding, depending on n, p, {Q].
Consequently,

30 < Fu(t) < Cr({|Dult, )| + | Dut, )IIP)
{ 1D (u(t, ) if || Du(t, )| <1
< 2C4
IDCu(t, P if [[Du(t, )] > 1
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for an appropriate constant C, depending on C, By, B, and p. Hence

i ¢ ¢ 1/p
(3.13) | Du(t, )]l > min {E (E) } = Cy(0).

Therefore, using (3.11), we find

llue(t, )7 + [1Dut, M + (), ult, ) > (1 - i) IDu(t, )|I*

(1 - ,%) C2(0).

a=alt) = (1 - -“-> min{¢, C2(¢)}.

Ho

v

Thus property (3.10) holds in I with

Proof of Theorem 1: Suppose for contradiction that £ > 0 in (3.9). Define a

second Lyapunov function by
V() = k() (u,u) = {(u, ), ¢ = k(t)u.

Since k € C1(J) and u € K, we have ¢; = (ku); = k'u + kuy, so that obviously
¢ € K. It now follows from the distribution identity (c) in Section 2 that for any
t>T>0

. t

V= [ K ) + 26
T
- k:(”ut”2 + ”DUHZ + <f(au)’u’>) - k(Q(Sv "ut)au>}ds‘

We now estimate the right hand side of this identity.
First

(3.14) [(u(t, ) we(t, D) < flu, - llue(t )<L ind

by (3.2). Applying Lemmas 3.2-3.4 to the remaining terms, we then obtain
t t t t 1/v
V(s)]T SL/ |k'|ds + 219/ kds + 2¢(T)YC(¥9) (/ o.l—ukuds)

T 0

T

- a/Tt kds + e(T) { (/Ot 51kmds>1/m + (/Ot 52des)l/q} .
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Let A(t) denote the numerator function in (1.7). Then, by taking 9 = 9(¢f) = /4,
we get

t t
(3.15) V(s)]tT < L/ |k'\ds — %/ kds + e(T)[2C(9) + 1]A(t).

T T
By (1.7) there is a sequence t; /! o0 and a number M > 0 such that

ts
(3.16) Aft;) < M/ kds for all 1.
0

We now take T so large that

e(M)2C W) +1]M < a/4;
together with (3.15) and (3.16), this gives for all t; > T

t; o T o t;
(3.17) V) <V(T)+ L/ |k'|ds + —/ kds — —/ kds.
T 2 Jo 4 Jo

Finally, by (3.14),

Combining this with (3.17) gives

t; t; t;
0 < Const. +2L/ |k (s)|ds — %/ k(s)ds < Const. — g—/ k(s)ds,
0 0 0

provided that 4 is chosen even larger, if necessary. Letting ¢ — oo and using the
fact that k ¢ L1(I) by (1.6) — see the end of Section 2 — we obtain the required
contradiction. Hence £ = 0 in (3.9), completing the proof.

84. Proof of Theorem 2

Again we start with a series of lemmas, assuming always that (A1) and (A2) are
satisfied. Let u € K be a given strong solution of (1.1) in I. In the proof we can
clearly assume without loss of generality that p > 2.
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LEMMA 4.1: Let (1.13) hold. Then there exist constants ¢ > 0 and p, with
7 < i < pg, such that

(4.1) (f(:z:,u),u) > —plul? — cjulP  inQ x RV,
(42) Fult) 2 =g lu(t, P = (e, )l in T,
and
(4.3)

Eu(t) > gllue(t,)II” + § (1 - ﬁ) [1Du(t, )II* + allu(t, )5 - glIU(t, s

in I, where

1 p)
a=—(1-£
433( Ho

and B, is the Sobolev constant defined in (3.12).

Proof: The inequalities (4.1) and (4.2) are immediate consequences of (1.13)
and (A2). By (2.1), (4.2) and Poincaré’s inequality

Eu(t) > gllue(t, ) + 3 <1 - ﬁ) 1Dut, )* - ;lIU(t, M-

Hence, in turn, by the Sobolev embedding (3.12) we get (4.3).
Define

(4.4) T={(ME)eR*0< A<\, 0<E<E},

where

1/(p-2) 1
A1 = (g) s El = (2 - ;) G)\%,

[

and a, ¢ are the numbers introduced in Lemma 4.1.

LEMMA 4.2: Let A(t) = ||u(t,)|lp. If (M0), Eu(0)) € %, then

(4.5) (A(t), Eu(t)) €S foralltel
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Moreover

(4.6) Bu(t) (e, )] + (1—%) |Du(t, Y| in .

Proof: Assume that (A(0), Eu(0)) € X. Then, since Eu is non-increasing in 1,
we have E; > Eu(0) > Eu(t). Hence by (4.3) and another use of the Sobolev
embedding inequality, there results, for all ¢t € I,

(4.7) 2aA(t)? — SA(E)P < Eult) < Ey.
P
Hence A(t) # A\ for any t € I, since
By =2a)2 — SAP.
D

Now, A(t) € C(I) and A(0) < Ay, so that A(t) < A; forallt € 1.
It remains to note (since p > 2) that

P E/\“’ >0 whenever 0 < X\ < Aj.
p

Combining this with the fact that 0 < A(t) < A;, we obtain (4.6) from (4.3), and
then (4.5) from (4.7).

LEMMA 4.3: If (A(0), Eu(0)) € %, then

(48)  IDu(t, )I* + (f(ult, ), ult, ) > 3 (1 - 7) [ Dut, )II* in 1.

Proof: This is obtained almost exactly as (4.6) in Lemma 4.2. By (4.1), together
with the Poincaré and Sobolev inequalities,

1Dutt, P + (Fut, ), ult, ) 2 %(1—;) 1Dut, Y2 + ar(t)? — eA(£)?.

Consequently (4.8) holds since 0 < A{t) < A\; and aX? —cAP > 0if 0 < X < Ay,

Remark: Lemmas 4.2 and 4.3 are easily visualized using the two-dimensional
phase plane (\,E) shown in Figure 1. In particular, by (4.7) any point
(A(t), Eu(t)) on the trajectory of a solution u € K must lie above the curve

I E=2a)2 - S AP
p

In turn, if (A(t), Eu(t)) € ¥, this point must in fact be in the part ¥’ of £ which
lies above T'.
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/—r: E=2a)? - £)»
zo

Eys

:
1
/:I/ E= alz—ckl’

Ay Ao (%)

Figure 1. The phase-plane (A, E). The curves I and
E = a)\? — c)P are drawn to scale for the case p = 4.

The region Y’ is shaded in Figure 1, with A; defined by aA? — cA] = 0. As we
shall see, if (A(0), Eu(0)) € ¥', then limso0 Bu(t) = 0.

Let $o = {(\,E) € R%: 0 < XA < )y, 0 < E < Ey}, where Ay and E; are as
shown in Figure 1. Then, reasoning as above, if (A(0), Eu(0)) € %o, it follows
that also (A(t), Eu(t)) € £o. One might conjecture that, in this case, also Eu(t)
must approach 0 as ¢ tends to infinity, but this does not appear to be the case.

A diagram similar to Figure 1 appears also in [7, page 274]. In the terminology
of [7] the region Xj, that is the part of £g above the curve T, is a potential well.

LEMMA 4.4: If (A\(0), Eu(0)) € %, then

(4.9) Nue (2, I, N1Du(E, ), e, )l € L),
and
(4.10) Du € L*(I).

Proof: The properties (4.9) are obvious from (4.6). Condition (4.10) then follows
exactly as (3.3) in Lemma 3.1, since Fu(t) > 0 in I by (4.5).

The estimates (3.4) and (3.5) can be now obtained as before from (4.9), pro-
vided that (\(0), Eu(0)) € . Moreover Eu is then non-negative and non-
increasing in I, so that there exists £ > 0 such that (3.9) holds.

LEMMA 4.5: Let (A(0), Eu(0)) € £ and suppose £ > 0 in (3.9). Then for some
o = of) the inequality (3.10) continues to hold.
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Proof: As before we divide I into the two sets
Ilz{tEIfu(t)SZﬁ}, 12:1\.[1.

In I; we have

l[ue (2, )P + 1 Dult, )II* > ¢

Then by (4.8)

llue(t, M + 1 Du(t, N + (5 u),ult, )

\Y

e, I + 3 (1 - Mi) IDut, |1

1 H

z{1—-—1}L

’ < uo)

For t € I, the required lower estimate is obtained exactly as in Lemma 3.4, using
(4.8) and (3.13). Thus (3.10) is valid provided that

v

a=a(l) =1 (1 - ﬁ) min{¢, C2(¢)}

Ho
(which is exactly one-half the previous value for a(£)).

Proof of Theorem 2: Let (A(0), Eu(0)) € ¥. Using Lemmas 4.4-4.5 and the
estimates (3.4) and (3.5), we derive as in the proof of Theorem 1 that

(4.11) tli)rglo Eu(t) =0.

In turn, (4.11) and (4.6) imply (1.9). It remains to be shown that if the data
(0, )|| and ||Du(0,-)|| are sufficiently small, then (A\(0), Eu(0)) € . But
MO) < Ay if ||Du(0, -)|| is suitably small, while equally from the definition of Eu
and (2.3)

Bu(0) < 3llus(0,))* + 3/ Du(0,-)|[* + Const. (|| Du(0, )|l + | Du(0, -)[IP).
This implies Eu(0) < E; for suitably small data. Finally, since 0 < A(0) < Ay it

follows that aA(0)? — cA(0)?/p > 0 and so Eu(0) > 0 by (4.3). This completes
the proof.
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§5. Examples and remarks

As a special case of our results, suppose that in (A1)
81(t) < Const. t7, 85(t) < Const. 72, o(t) > Const.t”

as t — co. Take k = 1 in (A3), in which case (1.6) is automatic and (1.7) reduces
to the requirements

fr<m-—1, B2 <g—1, v > —L

The last condition follows independently of the choice of the exponent v > 1
in (A1).

Various further examples can easily be reformulated in the present setting, see
e.g. [8, Section 5].

The principal ideas can also be extended to other hyperbolic systems, for
example,

(5.1) (jue)®%us) — div(|Dul*~2Du) + Q(t, z,u,) + f(z,u) =0,

where £ > 1, s > 1 and, instead of (1.5),

ns

s<m<qg<rg, Ty = when n > s

n—s

and r, any real number greater than s when n < s. Of course in (A2) the upper
bound r for p should now be replaced by r;.

In a recent paper [3] the question of blow-up for solutions of (1.1) was treated
under the assumption (1.5) with d2 = 0 and m > 1 rather than m > 2. Condition
(A2) was also required with p > max(2,m) and with

(5.2) 2F(z,u) — (f(z,u),u) > ci]ul’

for some constant ¢; > 0.
A function f which simultaneously satisfies the conditions of the present paper
and those of [3] is given by

(5.3) F(w) = —pu - clufP2u,
where p < g, ¢ > 0, and p is such that

2<m<p<nr.
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Clearly (5.3) satisfies (5.2) with ¢; = ¢(1 —2/p) > 0.

In order to illustrate the relations between the stability properties here and
the blow-up results in [3], suppose 6, (t) < Const.t?, 8,(t) = 0, o(t) > Const.t”
as t — oo. Then local asymptotic stability holds for 8 < m — 1 and v > —1, as
noted above. On the other hand, blow-up occurs when —co < y < g <m-1
and Eu(0) < 0.

Note by (4.7) that if Fu(0) < 0 then necessarily 2aX(0)? — cA(0)P/p < 0, that
is

A(0) > (2ap/e)/ P2 =,

see Figure 1. On the other hand, for local asymptotic stability it is enough to
have 0 < A(0) < Ay = (a/c)V/®=2) and 0 < Eu(0) < E;. Of course A\; < A,.

A related dichotomy between stability and blow-up was discussed by Payne
and Sattinger [7] in somewhat similar terms (see pages 292-295). Of course, in
their work Q = 0, so that their results and ours cannot be compared in detail;
we remark, however, that the variationally defined number d in (7] corresponds
roughly to the number Fy here.

Concluding remarks: (1) In the introduction we noted that when @ is tame,
then (1.5) can be written in the equivalent form

(5.4) 1Rt 2, 0)| < di(t,2) ™! + da(t, @) 0l
To show this, first suppose that (1.5) holds. Then by Young’s inequality
(Q(t,z,v),v) <1Q(t,z,v)| - [v]
< dy(t,2)/™ (QUt, 7,0),0) '™ ol + da(t,2)/9(Q(t 2, v),0) 7 o]

< 4M/m'd1(t,m)|vlm + %(Q(tywvaU)
+49/9 dy (¢, T) ol + 1(Q(t, x,v), ).

Hence

(5.5) (Q(t, z,v),v) < 22™ 7Ny (¢, z)[v|™ + 2201, (¢, ) |v|?.

Now, using the tameness condition, we get (5.4) with d; = 22~ 1yd, and dy =
22q_l’yd2.

On the other hand, if (5.4) holds then we fix (t, z, v) € IxQxRY and distinguish
two cases: dy(t,z)|v|™ > da(t,z)|v]? and dy(t,x)|v|™ < da(t,z)|v]|?. In the first
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case, by (5.4) and the tameness condition, we have

Q(t,z,v)| = 1Q(t, z,v) ™ |Q(t, , v)[™
< 2Mmdy (¢, ) | DMQ(E @, v) Y™
< ™ [2dy (8, 2))2 ™ QU 2, 0),0)
Similarly, in the second case, we find

1Q(t, 2, v)| < A 2da(t, )] (Qt, ,v),v) 7 .

Combining the results in the two cases, we obtain (1.5), with d; = 2y™"1d; and
dy = 2v91d,, as required.
The relation (5.5) should be also emphasized as a further bound for
(Q(t, z,v), U) in terms of dy and dz, which does not use the tameness condition.
(2) Condition (b) in the definition of strong solution in Section 2 can be
weakened to

t

(b) Eu(t) +/ Du(s)ds < Eu(0) in I,
0

provided the conclusion (1.9) is replaced by

(19 timint{fue(t, )| + | Dult, I} =0

The condition (b)’ was suggested to us by Prof. Herbert Koch. It was also used
as a principal assumption in (3] in place of (b).

(3) Condition (A1) need not hold in the entire interval I = [0,00), but in
fact can be restricted to a measurable control subset J C I, see [10, Section 3.
Theorems 1 and 2 then need to be revised only in two places. First, in (A3) we
assume that

k=0 inI~J,

and second, in (1.7) the integrals in the numerator should be restricted to the
set [0,t] N J. The proofs are almost exactly the same.

The importance of control subsets in studying asymptotic stability is 1llustrated
in [11], in the context of ordinary differential systems.
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