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ABSTRACT 
We study the question of asymptotic stability, as time tends to infinity, 

of solutions of dissipative wave systems, governed by time-dependent non- 

linear damping forces and by strongly nonlinear potential energies. This 

problem had been considered earlier for potential energies which arise from 

restoring forces, whereas here we allow as well for the effect of amplifying 
forces. Global asymptotic stability can then no longer be expected, and 

should be replaced by local stability. The conclusions are related to and 
supplement earlier work of Payne and Sattinger [7], who trcated the nondis- 
sipative case, and of Hale [1], who showed the existence of connected global 

attractors. 

§1. Introduction 

We study the problem of asymptotic stability, as time tends to infinity, of 

solutions of dissipative wave systems, governed by time dependent nonlinear 

damping forces and subject to the action of strongly nonlinear potential energies. 

In earlier papers [2, 4-9] the question of global asymptotic stability was 

considered when the potential energy arises from a restoring force. Here both 

restoring and amplifying effects are allowed, so that global asymptotic stability 

is generally no longer to be expected, and an expanded treatment is required. 
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More precisely we consider vectorial  solutions u = u(t ,x) ,  u: I x ~ --+ NN, 

with N > 1, of the problem 

u t t -  A u +  Q( t , x ,  ut) + f ( x , u )  = O, ( t ,x)  • I x 12, 

(1.1) u(t, x) = O, (t, x) • I × On, 

u(O, .) • g~), ut(O, ") • L 2, 

where I = [0, oc) and f~ is a bounded  open subset  of R n, n > 1, 

H0 ~ [gg  (~)] N , L p [gP(n)]  N , = = p > l ,  

and we assume 

Q E C(I x ~ x ]~N ~ ]~N), f • C ( ~  x ]I~ N --+ ]I~ N) .  

The  function Q represents  a n o n l i n e a r  d a m p i n g ,  so tha t  

(1.2) (Q(t,  x, v), v) _~ 0 for all a rguments  t, x, v, 

where (-, .) denotes the inner p roduc t  in R N. Concerning the forcing t e rm  f ,  we 

suppose  there  is a real valued potent ia l  F such tha t  

O F ( x  ' (1.3) f ( x ,  u) = Ou u), F ( x ,  0) -- 0; 

of course (1.3)1 is au toma t i c  when N = 1. 

Solutions of (1.1) are required to be in the set 

K - = C ( [  -+ H 1 ) N C I ( I  --+ L2). 

a precise definition of solution, in an appropr ia te  dis t r ibut ion sense, will be  post-  

poned  to Section 2. 

I t  is convenient,  however, to ant ic ipate  here the  s t ruc tura l  a s sumpt ions  on 

Q and f which we require for our main  results. For simplici ty in s ta t ing  the 

hypotheses ,  we first consider dimensions n > 2, and refer to Section 2 for the 

special case n = 1. Let  r denote  the Sobolev exponent  for the space H~, namely  

2n 
r -- when n _> 3, 

n - 2  

and r any real number  satisfying r > 2 when n = 2. 
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(A1) There  are functions a = a(t), w = w(7) such tha t  

(1.4) (Q(t,x, v), v) k a(t)w(Ivl) for all a rguments  t,x, v, 

where w E C ( I ~  --+ ] t~)  is increasing, w(0) = 0 and W(T) = ~-2 for ~- > 1, while 
v--1 a _> 0 and l/or CLlo  c ( I )  for some exponent  u > 1. 

Moreover,  there  are exponents  m, q satisfying 

2 < _ m < q < r  

such tha t  for all a rguments  t, x, v, 

(1.5) I q ( t , x , ' ) l  <_ dl(t,x)l/m(Q,(t,x,v),v) '/m' q- d2(t,x)l/q(Q,(t,x,v),v) 1/q', 

where rn ~ and qt are the HSlder conjugates of m and q and 

Ild2(t, ")ll~/(~-q), if q < r, 

~l(t) = Ildl(t, ")]lr/(T--m), 52(t) = [[d2(t, ')[Ioo, if q = r. 

Note: W h e n  N = 1, or more  generally if the function Q is t a m e ,  i.e., there  is 

a constant  "), _> 1 such tha t  

IQ(t,x,v)] . Ivl <_ "y (Q(t ,x,v) ,v)  for all a rguments  t ,x ,v ,  

then (1.5) can be wri t ten equivalently in the form 

IQ(t,x,v)l <_ Cons t .  {dl(t,x)[vl m-1 + d2(t,x)lvlq-1}, 

see R e m a r k  1 in Section 5. This  last condition shows more  clearly the r61e of dl 

and dz in giving an upper  bound  for IQ(t, x, v)l. 

(A2) There  is a constant  C > 0 and an exponent  p, 1 < p < r, such tha t  

If(x,u)[ <_ C(1 + lul p - l )  in ft × l~ N. 

(A3) There  is an auxil iary function k E C1(I --+ l ~ ) ,  k ~ 0, such t ha t  

(1.6) lim fo IM(s)l ds 
k ( s ) g s  - 0 ,  

(1.7) liminf (fO(~l]gmdS) l/mq- (fO ~2kqdS)l/q 
t--+oo ft kds 
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Condit ion (A3) has the purpose of preventing the non-au tonomous  terms 51, 

52 in the damping estimates from being too large, and the term a from being too 

small, since otherwise one cannot  in general obtain asymptot ic  stabili ty for the 

system (1.1). Some cases of allowable functions ~, ($1, ($2 are given in Section 5. 

Note: The  condit ion k C C l ( I  -+ ~ ) in (A3) can be weakened to  k E A C ( I  --+ 

IR~), tha t  is k c Wl 1'1 ( I  --+ ]R~ ), as follows from an easy approximat ion argument  

(see also the Appendix  of [10]). 

Let  #0 be the first eigenvalue of - A  in f~, with zero Dirichlet boundary  condi- 

tions, and put  

I1 lip -- II' IlLs, p > 1; II  1] = I1 I}2. 

Then  under  the s t ructural  conditions (A1)-(A3) we have 

THEOREM 1: Suppose there is a number  # < Po such that 

(1.s) ( f (x ,  u), u) > -/~[ul 2 in ~2 × ]R N. 

Then for every strong solution u ~ K of (1.1), in the sense defined in Section 2, 

we have 

(1.9) t l im{i]ut(  t, ")[I + IIDu(t, ")[I} = 0. 

That is, the rest state (0, 0) is a globally attracting set in H i x L 2 for (1.1). 

The  proof will be given in Section 3. Theorem 1 is related to a well-known 

stabili ty result  of Hale, contained in Theorem 4.8.11 of [1]. Problem (1.1) was 

t reated there in the scalar case N = 1 and for dimensions n >_ 3 ( though explicitly 

described only for n = 3). Moreover, the damping term Q was required to be 

autonomous, tha t  is Q = Q(v),  as well as the force f independent  of x, or 

f = f (u) .  In addition, it was assumed tha t  

(1.10) Q E C1(]1~ ---} 1~), Q(0)  -- 0, 0 < ~ ~ Qt(v)  _~ fl 

for all v C IR, while 

(1.11) f C CI(]R -+ JR), f (0)  = 0, If '(u)[ < C(1 + luI p-2) 

for every u E JR, with p < 1 + r/2. Under the further main restrict ion 

(1.12) l iminf  f (u )  >>_ 0 
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the existence of a c o n n e c t e d  global  a t t r a c t o r  A C H i × L 2 was obtained for 

(1.1). 
To compare this result with Theorem 1, we first note that (A1) holds for 

(1.10) with a(t )  =_ a, w(7-) = T 2, u = 2, d l ( t , x )  -= /32/a and d2( t ,x )  =- 0; also 

assumption (A2) is obviously satisfied since p < 1 + r /2  < r. Finally (A3) is 

automatic with k(t)  -- 1, since dl, d2, and cr are constants. Thus, with the 

exception of (1.8), the conditions in [1] are special cases of those here. 

On the other hand, neither (1.8) nor (1.12) implies the other, since (1.12) is a 

stronger condition for lu[ large, while (1.8) is stronger otherwise: 

Our second theorem is related to Hale's result in a different way, with (1.8) 

required only for  sufficiently small  u. 

THEOREM 2: Suppose  

(1.13) liminf (f(x, u), u) > -~ ,  
u- o lut  - 

where -fi < po. I f  u is a strong solution o/(1.1) with sufficiently small  initial data 

IlDu( 0' ")11, I[ut( O, ")IL, then (1.9) continues to hold. 

In particular the rest state  (0, O) is a locally at tracting set in H i x L 2 for the 

s y s t em  (1.1). 

When (1.1) is non-dissipative (Q -= 0), a related conclusion was obtained by 
Payne and Sattinger [7, pages 294-295], though the fact that Q vanishes in their 

work precludes strict asymptotic stability. 
Finally, it can be expected that Hale's theorem holds even when (1.12) is 

replaced by 

(1.12)' liminf f(u) >__ --fi, 
lu l -~  u 

with ~ < #0 as above. In this case conditions (1.12)' and (1.13) exhibit a striking 

duality, and the corresponding conclusions an interesting dichotomy. 

Theorem 2 will be proved in Section 4. Some examples and applications of our 

results are given in Section 5. 

§2. Definition of solution 

Consider the t o t a l  ene rgy  E¢ of a vector field ¢ E K,  that is 

(2.1) E¢  = E¢(t) -- l l l c t ( t ,  .)112 + ½1JOe(t, .)112 + bYe(t), 



34 P. PUCCI AND J. SERRIN Isr. J. Math. 

where ~'¢ is the po t en t i a l  e n e r g y  of  t he  field, namely 

)re(t) = ~ F(x, ¢(t, x))dx. 

It is easy to see that 5v¢ is well-defined in I. Indeed, by (A2), 

/0 (2.2) IF(x ,u ) l=  (f(x, su), < c  lu l+ lu[ p , 2 < p < _ r ,  

in f~ xl~ N . Hence, by Sobolev's embedding theorem, we have F(-, ¢(t, .)) E Ll(f~) 

for all ¢ E K and t E I, and in particular 

(2.3) I~'¢(t)l <_ Const. (liD¢(t,-)ll + IID¢(t,')i[p), t E I. 

It is convenient to introduce the elementary bracket pairing (., .) in fl C ]~n 

= . ) , W ( t ,  . ) )  = 

where ~, ¢: I × 9t --+ II( N , this being a well-defined real function of time for all 

t E I s u c h t h a t  ( ~ , ¢ ) E L  1. 

For every ¢ E K,  we put 

Z~¢(t) = ~ (Q(t, x, Ct(t, x)), Ct(t, x))dx = (Q(t,-, Cd, Cd, 

this being a well-defined non-negative function on I, with possibly infinite values. 
In fact, since (Q(t, x, v), v) > 0 by (1.2), and since Q is continuous in its variables, 

the integrand is, for each fixed t, a non-negative measurable function of x, as 

required. 

Definition: We say that u E K is a strong solution of the system (1.1) if 

(a) Du E L~oc(I); 
(b) Eu(t) + f~ Du(s)ds is a non-increasing function in I; 

(c) (ut,¢>]to = fo{(Ut,¢t> - (Du, D¢) - (Q(s, . ,ut) ,¢) - <f(. ,u),¢)}ds 
for all t E I and ¢ E K.  

The function 7)u represents the rate of dissipation of energy of any solution u 

of (1.1), so that  (a) expresses the natural requirement that the total dissipation 

over any finite time interval should be finite. Condition (b) is u generalization of 

the usual conservation law for the system (1.1), for which the function in (b) is 

constant, i.e. the initial value of the energy. 
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We emphasize that  energy conservation, or more generally some appropriately 

formulated but weaker version of this law, such as condition (b), is an essential 

attribute of any reasonable solution. In fact, standard existence theorems (see 

for example [1], [2], [6], as well as the recent work [12] in which the case N > 1 is 

considered) all yield solutions satisfying both strict conservation of energy as well 

as condition (c). At the same time, since in that work stronger conditions than 

(1.4), (1.5) were necessary for the existence proofs, it seems important to allow 

in (b) as great a weakening of energy conservation as possible, while at the same 

time still retaining its main attributes. See also the comments in [8, Section 2 

and Remark 4 in Section 4]. The distribution identity (c) is of course the natural 

setting for solutions of (1.1), in that classical solutions of this problem need not 

generally exist. 
It is important to note that (a) and (b) imply that Eu is non-increasing in I, 

since f t  :Du(s)ds is non-decreasing in I because ~Du is non-negative. 

From the definition of K it is clear that the identity (c) is meaningful provided 

that 

(2.4) {f(., u(t, .)), ¢(t, .)), (Q(t,., ut(t, .)), ¢(t, .)) e L~oc(I ). 

By (A2) and H61der's inequality we immediately get 

I(f(.,u(t,-)), ¢(t,.)}h _< C(li¢(t,.)lll + Ilu(t,-)ll~ -1- lie(t, .)lip). 
On the other hand, by Sobolev's embedding theorem (since f~ is bounded) 

u, ¢ c C ( I - + L P ) ,  l < p < r ,  

so that  ( f( . ,u) ,¢(t ,  .)} E L~oc(I) and (2.4)t holds. 

To obtain (2.4)2 we observe by (1.5) that, for q < r, 

IIQ(t,., u,(t, "))llr, < I[dl(t, .)l/m (Q(t,., u,), ut)1/m' Ilr' 

+ i]d2(t ' .)l/q (Q(t,., ut), ut) '/q' lit' 
1/m 1/m' 

_< lid1 (t, .)I]~/(~-m)II (Q(t,., u,), ut)II1 

t 1/q iill/¢ + IId,~(, .)ll,./(,._q)II (Q(t,., u,), u~) 
= (~1 (t)l/m:Du(t) 1/m' + 52(t)l/q~)u(t) 1/q' 

by H61der's inequality and the definition of :Du. When q = r we get in essentially 

the same way 

IiQ(t,., ut(t, "))11,' <- 5~( t ) l /~u( t )  1/'~' + 52(t)l/ '~u(t) 1/''" 
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In turn, again by H61der's inequality, for each t C I and for 2 _< m < q _< r 

/o t / ]  I ( Q ( s , . , u t ) , ¢ } l d s  <_ IIQ(s, . ,ut(s , . )) l l~,  . [I¢(s,.)ll~ds 

F/r~ ,1/m (/0~ )l/m' (2.5) _< )lit [/,]0   (s)ds 
/ ft h 1/q ] 

-{-~/0 ~52(8)ds) (~t~)u(8)ds) 1/q' C(t) 

since 51, 52 e L~oc(I ) by (A1) and Du E L~oc(I ) by (a). Consequently (2.4)2 is 

proved, and condition (c) is meaningful. 

To give a particular example of a function Q satisfying (A1), one may take 

Q(t ,x ,v)=dl( t ,x)[v[m-2v+d2(t ,x)[v]q-2v,  dl, d 2 E C ( I x ~ - + ~ ) ,  

with m, q, dl and d2 as in (A1). Obviously 

(Q(t,x, v), v) = dl ( t ,x)M m + d2(t,x)]vl q, 

so that 

IQ(t,x, v)l _ dl(t, x)lvl  m-1  + d2(t, x)lvl  q-~ 

= dl(t ,x)l /m(dl(t ,x)l /m'lvlm-~ ) + d2(t,x)l/q(d2(t,x)l/q'lvlq-1 ) 

<_ dl( t ,x) l /m(Q(t ,x ,  v), v) 1/m' + d2(t,x)l/q(Q(t,x, v), v) 1/q', 

and (1.5) holds. Similarly (1.4) is valid with w(r) = rq for T C [0, 1], W(T) = r 2 
for r >_ 1, and 

a(t) = i~f{dl (t, x) + d2(t, x)}. 

v--1 Naturally one now requires 1/a E Llo ¢ (I). In particular the zero set of a can be 

at most of measure zero. 

We conclude this first part with the following easy fact: 

Let k E C1(I) be a non-negative, non-trivial function satisfying (1.6). Then 
k ¢ L 1 (I). 

Indeed, suppose the contrary. Then (1.6) obviously gives f ~  ]k'(s)lds = O, 
and so k' = 0 i n  I. Hence k - C o n s t . ,  and in turn k -  0 since k C LI(I) by 
the assumption of contradiction. But k is non-trivial by hypothesis and this 

completes the proof. 
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T H E  CASE n = 1. 

(A2)'  

LOCAL A S Y M P T O T I C  STABILITY 

Here the hypothesis  (A2) can be weakened to the form 

If(x,u)l <_ g(u), g E C(R g -+ ~ ) ,  

37 

for a l l ( x , u )  E ~ x R  N. 

For all u, ¢ E K and t E I then 5r¢ is well-defined and locally bounded  on I 

for all ¢ E K ,  while also 

I(f(', u(t, .)), ¢(t,-))1 -~ ~, I1¢(t, ')llLO¢, 

where 

Cl = cl(t)  = I~1 sup g(w), 
wEB(t) 

and B(t) = {w E RN: [w[ (_ Hu(t, .)HLC¢}. 

Indeed,  because  n = 1 and ¢(t,  .) E H i for all t E I ,  we get 

I1¢(t, .)HLO~ <_ ~ IlDC(t, )[L E C(/),  

with a s imilar  es t imate  for ]lu(t,')]lLOO. Thus,  I(f(.,u(t,-)),¢(t,.)}l E Llo¢(I ) 
since Cl is locally bounded  on I .  

Remark: Condit ion (A2)'  is au tomat ic  if f E C ( ~  × R N --~ I~N), or if f does  

not  depend  on x. 

For (A1) we now define 51 (t) = Hdl(t, .)II1 and 52 (t) = lid2 (t, .)1[1, but  otherwise 

no changes are necessary. 

§3. P r o o f  o f  T h e o r e m  1 

We apply  the  principal  ideas of [8], with various modificat ions due to the fact 

t ha t  the  forcing t e rm  f is no longer assumed to be  of restoring type;  tha t  is 

we now allow (f(x, u), u) to take negat ive values. In addition, condit ion (A1) 

is s ta ted  more  generally than  the corresponding hypotheses  of Section 3 of [8], 

which requires still fur ther  modificat ions in the discussion. 

T h e  proof  is given in a series of lemmas.  We assume th roughou t  t ha t  the 

condit ions (A1)-(A2)  are satisfied, and tha t  u E K is a given s t rong solution of 

(1.1) in I ,  in the sense of Section 2. 

LEMMA 3.1: Let (1.8) hold. Then 

(3.1) ~ ) lID~(t,-)lt 2 in I. Eu(t) > l lM(t , - ) [I  2 + 1 1 - 
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(3,3) 

Proof: 
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I l u d t , - ) l t ,  I I D ~ ( t , - ) t l ,  I I~ ( t , . ) t l ,  ~ e L°°(I), 

:Du E LI(I) .  

1 2 
_ _ - ~ l l u ( t , . ) l l  • By (1.8) we have F(x,u) > -~,1~1 , s o  that  mu(t) > 1 2 

Hence (3.1) follows from (2.1) and the Poincar6 inequality. Conditions (3.2) are 

then immediate from the fact that Eu is non-increasing in I, so Eu(t) <_ Eu(O). 
Finally, (3.3) i s  a consequence of (b); indeed Eu >_ 0 in I by (3.1), and ])u > 0 

in I, giving 
/ '  

o < Ji ~(s)ds < Eu(O). 

LEMMA 3.2: Let k E L~c(I ) and k > O. Then, for any T E I and t >_ T, we have 

t [(Lt ) l /m(Lt  ~l/q 1 
(3.4) fjT k I(Q(s, ., ut), u)ids < e(r) 51kinds + _ hkqds) 1' 

where e(T) -+ 0 as T ~ co. 

Proof: Exactly as in (2.5) 

' [(s: ( s : ) "  S~ kl(Q(s,.,~,),~)ld,<_ ~,~]~ll~(s,')ll. 5,k'~ds) 'Ira Du(s)ds 

-~ (i;,2~qds)l/q (~,.(s)ds)l/q']. 
From (3.2)3 there is a number B0 > 0 such that llu(s,.)ll, <- Bo for all s E I. 
Thus (3.4) holds with 

[(i: )"(s: ,1.,  4T) = no ~( . )d .  + V~(s)es) j ,  

and e(T) --+ 0 as T --+ ec by (3.3). 

LEMMA 3.3: Suppose k E L~oc(I ) and k > O. Let 0 be a given positive constant. 
Then there exists C(~) > 0 such that for all t > T > 0 

(3.5) fTki,ut(s,.),12ds <_ ~ fTkdS + e(T)C(~) ( f ~  crl-~k"ds) 1/~ , 
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where e(T) --+ 0 as T -+ oo, and u > 1 is th.e exponent in (A1). 

Proof: The proof  is essentially the same as for Lemma 3.3 in [8]. 

of completeness we reproduce the details. 

For fixed s E I ,  define 

31 = a l (S)  = {x c a :  ]ut(s,x)l <<_ ~ } ,  

32 = a=(s) = {x ~ a:  lu~(s,x)l > x / g T ~ } .  

Clearly 

(3.6) A [ut(s,x)12dx ~ O. 
1 

For x E f~2 we write 

(3.7) £ 2  ,ut(s,x)]2dx = ]~ 2 [ut(s'x)'2 

where w is the function appearing in (A1). Now 

T 2 T 2 

(3.8) sup W(T) -- max 
V~-/lal<r< 1 co('/-) r _ > ~  - - 

• ~o(l~,(s,  x ) D d x ,  

- A(O), 

39 

For the sake 

since w is continuous and positive for 7 > 0, and w(~-) = r 2 for 7- _> 1. From 

(3.7), (3.8) and (1.4) we obtain 

jut(s,x)12dx < ~ (Q(s,x, ut(s,x)),ut(s,x))dx - A(0) SOu(s). 
- ~ ( s )  

In turn,  since Ilut(s, ")11 _< Const. in I by (3.2), we have 

k fa 'ut(s,z)'2dx <- Const. k (/a 'ut(s,x)'2dz) 1/~' 

<_ Const. [A(0)] TM (al-vku)l/U:Du(s) 1/u' , 

where u > 1 is the exponent  in (A1). Thus (3.6) yields 

kll~(,,-)112 ___ ok + Const. [A(0)]I/~' ( ~ l - ~ k ' ) l / v O ~ ( , )  1/''. 

The required result now follows by integration from T to t and another  use of 

Hglder 's  inequality; in particular,  we can take C(0)  = [A(t~)] 1 / ' '  , and 

e(T) = Const. Z)u(s)ds --+ 0 as T ~ oo 
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Proo£" 
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by (a.a). 

Since Eu is non-increasing and non-negative, there exists £ >_ 0 such that 

(3.9) lim Eu(t)  = t. 
t-+oo 

LEMMA 3.4: Suppose g > 0 in (3.9). Then there exists a = a(g) > 0 such that  

Ilu~(t, .)112 + ]lDu(t, .)ll 2 + ( f ( . ,u ) ,u( t ,  .)) > a on I. 

The proof is similar to that of Lemma 3.4 of [8]. Divide I into the two 

~1 = {t c x: 7 , , ( t )  <_ e/2},  

For t C 11 

[2 = I \ 1 1  : {t E or: .~U(t) > e /2} .  

Ilut(t, .)1[ 2 + IIDu(t,-)112 >_ 2[~ - 3ru(t)] >_ ~. 

Consequently by (1.8) 

Ilut(t, .)112 + IIDu(t, .)112 + ( f ( . ,u ) ,u( t ,  .)) 

>_ Ilut(t, .)112 + IIDu(t, .)112 - #llu(t, ")112 

(3.11) >_ Ilut(t,.)112 + 1 -  ~o HDu(t' ")112 

> 

On the other hand, by (2.2) we see that in /2  

1 
½g < 7 u ( t )  < c(llu(t, )11~ + ~llu(t, )ll~,). 

Sin ceH I C L  pfor  l < _ _ p ~ r ,  onehas  

(3.12) Ilu(t, )ll~ <- B~ IIDu(t, ")ll, 

where Bp is the Sobolev constant for the embedding, depending on n, p, till. 

Consequently, 

{e < .Tu(t) < Cl(l lDu(t ,  ")il 4-IIDu( t, ")11 p) 

2CLJ" IID(u(t,.)ll if IIDu(t,.)ll < 1 
<_ / IlD(u(t, .)ll p if IIDu(t, )ll > 1 



Vol. 104, 1998 LOCAL ASYMPTOTIC STABILITY 41 

for an appropriate  constant C1, depending on C, B1, Bp and p. Hence 

(3.13) I IDu(t, ' ) l l  >_ min ~ 1 '  --C2(~). 

Therefore, using (3.11), we find 

( I ' )  '[Du(t'')[[2 I lut(t , . ) l l  2 + I IDu(t ,  .)112 + ( f ( . , u ) , u ( t ,  .)) >_ 1 - ~o 

_> (1- '~) c~(~). 
Thus property (3.10) holds in I with 

Proof of Theorem 1: Suppose for contradiction that  f > 0 in (3.9). Define a 

second Lyapunov function by 

v(t) = k ( t ) ( u , ~ t )  = ( u ~ , ¢ ) ,  ¢ = k ( t ) ~ .  

Since k E C 1 (1) and u E K,  we have Ct = (k u)t = k'u +/cut, so that  obviously 

¢ E K.  It  now follows from the distribution identity (c) in Section 2 that  for any 

t > T > 0  

/; v ( s ) ] '  = {k ' (u ,  ut) + 2kllutll 2 T 

- k(l lu,  II ~ + IID~II ~ + ( f ( . ,  ~), ~))  - k (Q(s , . ,  ~ , ) ,  ~)}d~.  

We now estimate the right hand side of this identity. 

First 

(3.14) [(u(t, .),ut(t, .))[ _< [[u(t,-)[[. [[ut(t,-)[[ _< L in I 

by (3.2). Applying Lemmas 3.2-3.4 to the remaining terms, we then obtain 

t t " t - 1 /v  

--Ot/:]gds-~-'c(T) { (~t(~l]~mds) l/m-[- (~t(~2kqds)l/q} • 
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Let A(t)  denote the numerator function in (1.7). Then, by taking 0 = ~(~7) = (~/4, 

we get 

°Sj (3.15) Y(s)] t T < n Ik'ids - ~ kds + e(T)[2 C(O) + l id( t ) .  

By (1.7) there is a sequence ti i~ co and a number M > 0 such that 

(3.16) A(ti)  <_ M kds for all i. 

We now take T so large that 

~(T)[2 C(~) + 1]M _< ~/4; 

together with (3.15) and (3.16), this gives for all t~ _> T 

(3.17) V(t i )  <_ V ( T )  + L Ik'lds + 7 kds - -~ Jo kds. 

Finally, by (3.14), 

( S0 ) V(t i )  = k( t~) (u( t i , . ) ,u t ( t i , . ) )  >__ - L  k(O) + Ik'(s)lds . 

Combining this with (3.17) gives 

0 _< Coast. + 2L lk'(s)lds - 7 do k(s)ds  <_ Const. - 7 k(s)ds,  

provided that  i is chosen even larger, if necessary. Letting i --+ co and using the 

fact that k ¢ LI ( I )  by (1.6) - -  see the end of Section 2 - -  we obtain the required 

contradiction. Hence g = 0 in (3.9), completing the proof. 

§4. P r o o f  o f  T h e o r e m  2 

Again we start with a series of lemmas, assuming always that (A1) and (A2) are 

satisfied. Let u E K be a given strong solution of (1.1) in I.  In the proof we can 

clearly assume without loss of generality that p > 2. 



Vol. 104, 1998 LOCAL ASYMPTOTIC STABILITY 43 

LEMMA 4.1: Let  (1.13) hold. Then there exist constants c > 0 and #, with 

-~ < # < #o, such that  

(4.1) ( f (x ,  u), ~) >_ - ~ 1 ~ 1 2  - clul p in f~ × R N, 

(4.2) .~u(t)  >_ -~llu(t, ')[I 2 - ;ll~(t,)ll~ in I, 

and 

(4.3) 

1 (1 - -  ~oo) Eu(t) > ½11~dt, .)112 + ~ I lDu( t, ")11 = 

in I ,  where 

+ allu(t, ")11~ - pllU(t, ")11~, 

(4.4) 

where 

(al,,p-2,, ( ; )  ~1=~c) El= 2- a~, 

and a, c are the numbers introduced in Lemma 4.1. 

LEMMA 4.2: Let  A(t) = Ilu(t, ')lip. n' (A(O),Eu(O)) ~ r~, then 

(4.5) (A(t),Eu(t)) e E for all t e I .  

a = ~ p 2  1 -  

and Bp is the Sobolev constant  defined in (3.12). 

Proof." The inequalities (4.1) and (4.2) are immediate consequences of (1.13) 
and (A2). By (2.1), (4.2) and Poincar6's inequality 

1 (  ~ )  IIDu(t, .)112- ;tic(t, )ll~. Eu(t) >_ ½11udt,-)ll 2 + ~ 1 - ~oo 

Hence, in turn, by the Sobolev embedding (3.12) we get (4.3). 
Define 

= {(/~, E) E ]~2:0 </~ < "~1, 0 < E < El} , 
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Moreover 

(4.6) 
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1 (  # ) [[Du(t,.)[[ 2 in I. Eu(t) >_ 111ut(t,.)112 + ~ 1 - ~ 0 0  

Proof: Assume that  (A(0) ,Eu(0))  6 E. Then,  since Eu is non-increasing in I,  

we have E1 > Eu(O) >_ Eu(t). Hence by (4.3) and another  use of the Sobolev 

embedding inequality, there results, for all t E I,  

(4.7) 2hA(t) 2 - c-A(t)P <_ Eu(t) < El. 
P 

Hence A(t) # )'1 for any t G 1, since 

E1 = 2aA~ - p a l  p. 

Now, A(t) • C(I) and A(0) < )'1, so that  ),(t) < ,h for all t • I.  

It remains to note (since p > 2) tha t  

aA 2 - -CAP > 0 whenever 0 < A < A1. 
P 

Combining this with the fact tha t  0 < A(t) < )'1, we obtain (4.6) from (4.3), and 

then (4.5) from (4.7). 

LEMMA 4.3: I f  (A(0), Eu(O)) • E, then 

(4.8) [IDu(t, 0ll 2 + (f(.,u(t,.)),u(t,.)) >_ ~ 1 - IlDu(t,.)[I 2 in I. 

Proof: This is obtained almost exactly as (4.6) in Lemma 4.2. By (4.1), together  

with the Poincar6 and Sobolev inequalities, 

1 ( # )liDu(t.)iI2 + a , k ( t ) 2 -  e),(t)p. tlDu(t, 0112 + (f(.,u(t, .)),u(t,-)} _> 7 1 - ~00 

Consequently (4.8) holds since 0 <_ A(t) < ),1 and aA 2 - cA p _> 0 if 0 _< A < A1. 

Remark: Lemmas 4.2 and 4.3 are easily visualized using the two-dimensional 

phase plane (A,E) shown in Figure 1. In particular,  by (4.7) any point  

(A(t), Eu(t)) on the t ra jec tory  of a solution u • K must lie above the curve 

F: E = 2al 2 - -C A p. 
P 

In turn,  if (A(t), Eu(t)) 6 E, this point must in fact be in the par t  E'  of E which 

lies above F. 
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E 

E~ 

y. 0 ' 

E =  2ak 2 - ~-~.P 

N2 ! , k 
x ix2 

Figure I. The phase-plane (A, E). The curves F and 

E = a)~ 2 - cA p are drawn to scale for the case p = 4. 

The region E~ is shaded in Figure 1, with A1 defined by aA~ - cA p = 0. As we 

shall see, if (A(0), Eu(O)) • E', then limt-.o~ Eu( t )  = O. 

Let E0 = {(A,E) • II~2:0 < A < A0, 0 < E < E0}, where A0 and E0 are as 

shown in Figure 1. Then, reasoning as above, if (A(0), Eu(O)) • ~o, it follows 

that also (A(t), Eu( t ) )  • go. One might conjecture that,  in this case, also Eu( t )  

must approach 0 as t tends to infinity, but this does not appear to be the case. 

A diagram similar to Figure 1 appears also in [7, page 274]. In the terminology 

of [7] the region ~ ,  that is the part of g0 above the curve F, is a p o t e n t i a l  well. 

LEMMA 4.4: I f  (~(0), Eu(O)) • E, then 

(4.9) ]Jut(t, .)]], IIDu(t, ')lh Ilu( t, .)lit • L ~ ( I ) ,  

and 

(4.10) ~)u C L I ( I ) .  

Proof: The properties (4.9) are obvious from (4.6). Condition (4.10) then follows 

exactly as (3.3) in Lemma 3.1, since Eu( t )  >_ 0 in I by (4.5). 

The estimates (3.4) and (3.5) can be now obtained as before from (4.9), pro- 

vided that  (A(0), Eu(O)) E E. Moreover E u  is then non-negative and non- 

increasing in I,  so that  there exists g > 0 such that (3.9) holds. 

LEMMA 4.5: Let  (A(0),Eu(0)) E E and suppose ~ > 0 in (3.9). Then for some 

a = a(g) the inequali ty (3.10) continues to hold. 
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Proo~ 
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As before we divide I into the two sets 

I1 = {t E I: ~u(t) < ~/2}, 

In I1 we have 

Then by (4.8) 

I2 = I \ I1. 

Isr. J. Math. 

]lut(t, .)[12 + [lDu(t, .)[[ 2 > g. 

1(  # ) llou(t .)[12 [[ut(t,-)[I 2 + [IDu(t, .)[[2 + (f(. ,u),u(t,  .)) >_ [lut(t, ")[1 2 + 5 1 - ~00 

For t E /2  the required lower estimate is obtained exactly as in Lemma 3.4, using 

(4.8) and (3.13). Thus (3.10) is valid provided that  

'(;0) = a ( t )  5 1 -  min{C C22(e)} 

(which is exactly one-half the previous value for a(g)). 

Proof of Theorem 2: Let (A(0),Eu(0)) E E. Using Lemmas 4.4-4.5 and the 

estimates (3.4) and (3.5), we derive as in the proof of Theorem 1 that  

(4.11) lim Eu(t) = O. 
t---~oo 

In turn, (4.11) and (4.6) imply (1.9). It remains to be shown that  if the data  

Ilut(0,.)ll and tIDu(O,-)lt are sufficiently small, then (A(0),Eu(0)) e E. But 

),(0) < A] if IIDu(O, ")11 is suitably small, while equally from the definition of Eu 

and (2.3) 

Eu(O) < ½1lut(O, .)l[ 2 + ½[IDu(O, .)11 ~ + Const. (llDu(O, .)[[ + IlDu(O, .)11~), 

This implies Eu(O) < E1 for suitably small data. Finally, since 0 _< A(0) < /~1 it 

follows that  hA(0) 2 - c,~(O)P/p > 0 and so Eu(O) > 0 by (4.3). This completes 

the proof. 
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n8 
when n > s 

n - 8  

and rs any real number  greater than s when n _< s. Of course in (A2) the upper  

bound  r for p should now be replaced by %. 

In a recent paper  [3] the question of blow-up for solutions of (1.1) was t reated 

under  the assumpt ion (1.5) with d2 - 0 and m > 1 rather  than  m _> 2. Condit ion 

(A2) was also required with p > max(2, m )  and wi th  

(5.2) 2 F ( x ,  u) - ( f ( x ,  u) ,  u)  > C l lu l  ~ 

for some constant ca > 0. 

A function f which simultaneously satisfies the conditions of the present paper 

and those of [3] is given by 

(5.3) f ( u )  -- - t z  u - c lu lp-2u,  

where # < #0, c > 0, and p is such that  

2 < m < p < r .  

where g > 1, s > 1 and, instead of (1.5), 

s _< m < q _< r , ,  r ,  - 

Vol. 104, 1998 

§5. E x a m p l e s  a n d  r e m a r k s  

As a special case of our results, suppose tha t  in (A1) 

(~l(t) ~ Const.  t/3., 52(t) _< Const. t/~2, or(t) _> Const.  t 7 

as t --+ co. Take k = 1 in (Aa), in which case (1.6) is automat ic  and (1.7) reduces 

to the requirements 

31 -< m -  1, 32 _< q -  1, -y > - 1 .  

The  last condit ion follows independently of the choice of the exponent  z~ > 1 

in (A1). 
Various further  examples can easily be reformulated in the present setting, see 

e.g. [8, Section 5]. 

The  principal ideas can also be extended to other hyperbolic systems, for 

example, 

(5.1) ( l u d g - 2 u t )  ' - d i v ( l D u l * - 2 D u )  + Q(t ,  x ,  u t )  + f ( x ,  u) = O, 



48  P. P U C C I  A N D  J .  S E R R I N  Isr.  J .  M a t h .  

Clearly (5.3) satisfies (5.2) with cl = c(1 - 2/p) > O. 
In order to illustrate the relations between the stability properties here and 

the blow-up results in [3], suppose 51(t) _< Const. t ~, 5~(t) -- O, or(t) >> Const. t ~ 

as t --+ oc. Then local asymptotic stability holds for/3 < m - 1 and 7 > -1 ,  as 

noted above. On the other hand, blow-up occurs when -cx~ < ~/ < fi < m - 1 

and Eu(O) < O. 
Note by (4.7) that  if Eu(O) < 0 then necessarily 2aA(0) 2 - c)~(O)P/p < 0, that  

is 

~(0) > (2ap/c) 1/(p-2) = ~2, 

see Figure 1. On the other hand, for local asymptotic stability it is enough to 

have 0 < ~(0) < ),1 = (a/c) 1/(p-z) and 0 _~ Eu(O) < El.  Of course ),1 < A2. 

A related dichotomy between stability and blow-up was discussed by Payne 

and Sattinger [7] in somewhat similar terms (see pages 292 295). Of course, in 

their work Q = 0, so that their results and ours cannot be compared in detail; 

we remark, however, that the variationally defined number d in [7] corresponds 

roughly to the number E0 here. 

Concluding remarks: (1) In the introduction we noted that  when Q is tame, 

then (1.5) can be written in the equivalent form 

(5.4) IQ,(t,x, v)l <_ dl(t ,x)lvl  m-1 + d2(t,x)lvl q-1. 

To show this, first suppose that (1.5) holds. Then by Young's inequality 

(Q(t ,x,v) ,v)  <_ IQ(t,x,v)l.  Ivl 
\ 1/ql < d l ( t , x ) l /m(Q( t , x , v ) , v ) l /m ' ]v[  + d2( t , x ) l /q (Q( t , x , v ) , v )  ]vl 

< 4m/m'dl( t ,x) lvl  '~ + ~ ( Q ( t , x , v ) , v )  

+ 4q/q'd2(t, x)lvl q + ¼ (Q(t, x, v), ~). 

Hence 

(5.5) (Q(t, x, v), v) <_ 22m-ldl (t, x)lvl ~ + 22q-ld2(t, x)lvl ~. 

Now, using the tameness condition, we get (5.4) with d l =  22m-l"~dl and (~2 -- 

22q- 17 d2. 

On the other hand, if (5.4) holds then we fix (t, x, v) C I×~×]~N and distinguish 

two cases: [ll(t,x)lvl m > d2(t,x)lvl q and [ l l ( t , x )N "~ < d2(t,x)lvl q. In the first 
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case, by (5.4) and the tameness condition, we have 

[Q(t,x,v)[ = IQ(t,x,v)[1/mlQ(t,x,v)[Um' 

21/mdl(t , x)l/m[v[(rn--1)/m]Q(t, X, V)[ 1/n~' 

< [2 1(t, x)] (Q(t, x, v), 

Similarly, in the second case, we find 

IQ(t, x, v)l ~_ ,./1/q' [2(t2 (t, x)] 1/q (Q(t, x, 72), v)1/q'. 

Combining the results in the two cases, we obtain (1.5), with da = 27m-%11 and 

d2 = 27q-ld2, as required. 

The relation (5.5) should be also emphasized as a further bound for 

(Q(t, x, v), v) in terms of da and d2, which does not use the tameness condition. 

(2) Condition (b) in the definition of strong solution in Section 2 can be 

weakened to 

(b)' Eu(t) + Du(s)ds <_ Eu(O) in I, 

provided the conclusion (1.9) is replaced by 

(1.9)' l im~f{  [lut(t, ")l[ + IIDu( t, ")II } = o. 

The condition (b) ~ was suggested to us by Prof. Herbert Koch. It was also used 

as a principal assumption in [3] in place of (b). 

(3) Condition (A1) need not hold in the entire interval I = [0, c~), but in 

fact can be restricted to a measurable control subset J C I, see [10, Section 3]. 

Theorems 1 and 2 then need to be revised only in two places. First, in (A3) we 

assume that 

k = 0  i n l \ J ,  

and second, in (1.7) the integrals in the numerator should be restricted to the 

set [0, t] A J. The proofs are almost exactly the same. 

The importance of control subsets in studying asymptotic stability-is illustrated 

in [11], in the context of ordinary differential systems. 
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